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Abstract 

In this paper we construct all smooth torus fibres of the generalized 
special Lagrangian torus fibrations for Calabi-Yau hypersurfaces in toric 
varieties near the large complex limit. 

1 Introduction 

This paper is a sequel of ^lEI- The aim of this series of papers is to construct 
generalized special Lagrangian torus fibrations for Calabi-Yau hypersurfaces in 
toric varieties near the large complex limit. 

Let (Pa,i^) be a toric variety whose moment map image (with respect to the 
toric Kahler form ui) is the real convex polyhedron A C Mr. Also assume 
that the anti-canonical class of Pa is represented by an integral reflexive convex 
polyhedron Aq C M and the unique interior point of Ag is the origin of M. 
Integral points m € Aq correspond to holomorphic toric sections Sm of the anti- 
canonical bundle. For the unique interior point nio of Aq, Sm^ is the section of 
the anti-canonical bundle that vanishes to first order along each toric divisor of 
Pa. 

Let {wm}meAQ be a strictly convex function on Aq such that w,„ > for 
m G Aq \ {nio} and ^ 0. Define 

St = Sm„ +ts, s ^ ^ amSm, whcrc \am\ = t'"", for m e Aq \ {mo}. 

mgAo\{mo} 
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(As in the case of Fermat type quintic, in general, Aq need not contain all the 
integral m in the real polyhedron spanned by Aq.) Let Xt = {§^^(0)}. Then 
{Xt} is a 1-parameter family of Calabi-Yau hypersurfaces in Pa- Xq = {s^i\{0)} 
is the so-called large complex limit. Xt is said to be near the large complex limit 
if T and t are small and t < r~'""° . 

Remark: In fact, for the discussions in this paper, the coefficients {am}meAo\{ma} 
do not need to have the above specific form, and "near the large complex limit" 
can also be relaxed to only require that t is small. Although in the above specific 
situation, the fibration constructed will have more interesting structure and is 
better understood. 

Since Xq is toric, the moment map induces the standard generalized special La- 
grangian fibration Fq : Xq dA with respect to the toric holomorphic volume 
form. In [3 IHl El ^1 , we constructed Lagrangian torus fibration for Xt when 
Xt is near the large complex limit, using the Hamiltonian-gradient flow to de- 
form the fibration Fq for Xq symplectically to the desired Lagrangian fibration 
Ft : Xt dA for such Xt . The (topological) singular set of the fibration map 
Ft is C — XtD Sing(Xo), which is independent of t. The corresponding singular 
locus r — Fq{C) is also independent of t. When Xt is near the large complex 
limit, r C dA exhibits the amoeba structure that is a fattening of a graph 
r C OA. It was conjectured in that the singular locus for the (generalized) 
special Lagrangian torus fibration should resemble the singular locus F of the 
Lagrangian torus fibration. 

initiated the program of constructing generalized special Lagrangian fibra- 
tion for Xt using similar ideas by deformation from the standard fibration Fq of 
the large complex limit Xq. Since Xq is a singular variety and Fq : Xq —> OA is 
a singular fibration, it is a singular deformation problem. Such singular defor- 
mation problems are usually rather delicate and difficult if at all possible to be 
solved. Even for the much softer symplectic singular deformation of Lagrangian 
fibrations we discussed in [7| |S1 [HI El i the technical difficulties are already quite 
delicate and daunting. 

One crucial observation as pointed out in |11, is that, due to the canonical nature 
of the generalized special Lagrangian fibration on a Calabi-Yau manifold when 
we fix the Kahler metric, one can construct the generalized special Lagrangian 
fibration over different parts of the base OA separately and they will automat- 
ically match on the overlaps. More precisely our strategy of construction is, 
for different parts of Xt, we construct explicit generalized special Lagrangian 
fibrations for smooth local models Yt, which are small perturbations of the 
corresponding regions of Xt- Then we construct smooth deformation family 
connecting Yt with Xt- Through smooth deformation, we get the generalized 
special Lagrangian fibration for this part of Xt- Through this idea, we turn 
the singular deformation problem into smooth deformation problems, which are 
much easier to handle. This idea in fTT* is the fundamental idea that makes all 
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the subsequent works possible. Another key ingredient of JJj is the quantitative 
impHcit function theorem. In JT] , using a local model that dates back to |2| , we 
are able to construct monodromy representing generalized special Lagrangian 
torus fibration for Fermat type quintic Calabi-Yau hypersurfaces in CP** near 
the large complex limit. 

Recall from ^I] that a (generalized) special Lagrangian fibration of smooth 
torus over an open set U C dA is said to represent the monodromy if OA \U is 
a fattening of F that retracts to F. 

To deal with more general situations than those in ^Jj, it is necessary to deal 
with "thin torus" fibres that have small circles in some directions and big circles 
in other directions. Although the deformation of "thin torus" fibres is smooth 
deformation, the classical estimates usually depend on different scales of the 
"thin torus" and are not very useful when the torus is thin. Such difficulty is 
in a way similar to the difhculty one might encounter in singular deformations. 
To get meaningful results, it is crucial to derive estimates that do not depend 
on the multi-scales of the "thin torus" fibres. In iT2|, we developed such multi- 
scale estimates for "thin torus" fibres. As application, we are able to construct 
monodromy representing generalized special Lagrangian torus fibration for the 
mirror of quintic Calabi-Yau hypersurfaces in CP'' near the large complex limit. 

Further more, in jj^jj using ideas related to amoeba, we are able to use similar lo- 
cal model as in JT] for certain region of Xt, where one of amSm term dominates. 
Combined with our multi-scale estimates, we are able to construct monodromy 
representing generalized special Lagrangian torus fibration for Calabi-Yau hy- 
persurfaces in toric varieties, including general quintic Calabi-Yau hypersurfaces 
in CP'', near the large complex limit. Due to the limitation of the local models, 
this construction in |12| is less satisfactory, because we have to require a more 
strict sense of near the large complex limit and the toric metrics have to be 
specifically chosen accordingly. 

It will be ideal if one can construct maximal monodromy representing general- 
ized special Lagrangian torus fibration, which amounts to a generalized special 
Lagrangian torus fibration over i9A away from a small neighborhood of the sin- 
gular locus F. The constructions of monodromy representing generalized special 
Lagrangian torus fibrations in jlll I12j are far from being maximal. Such max- 
imal construction is essentially the construction of all the smooth fibres. In 
this paper, we will give construction of maximal monodromy representing gen- 
eralized special Lagrangian torus fibration for general Calabi-Yau hypersurfaces 
near the large complex limit in toric varieties with arbitrary smooth toric met- 
rics. 

The main ingredient that makes this paper possible is the construction of ex- 
plicit local models in section 2. It is still quite mysterious to me that such 
explicit local models actually exist for every part of OA \ F, yet unlike in I12| . 
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these local models are so accurate that they enable us to prove the construction 
in the most general situations. 

While the torus fibres in the local models of ^2^] are flat, the thin torus flbres 
in the local models in this paper are not flat and the different scales are more 
mixed than in ^]. Interestingly, the multi-scale estimates for such thin torus, 
although much more delicate and involved, will still work. 

One major problem in constructing (generalized) special Lagrangian fibration is 
to ensure that a (generalized) special Lagrangian torus does not intersect with 
nearby torus, which is equivalent to that the deformation 1-forms do not have 
zeroes. In the (generalized) special Lagrangian torus is a small pertur- 

bation of flat torus, and the deformation 1-forms are small perturbations of the 
flat 1-forms, therefore have no zeroes. In this paper, the (generalized) special 
Lagrangian torus is not a small perturbation of flat torus. Yet the deformation 
1-forms are somehow still small perturbations of flat 1-forms, therefore have no 
zeroes. This is another indication of the magical properties of our explicit local 
models. 

In this paper, we essentially construct all the smooth fibres for the global gener- 
alized special Lagrangian fibration. The next step would be to fill in the singular 
fibres. Notice that the local models in section 2 also make sense for singular 
fibres in certain situations. In the sequels of this paper, we will discuss some 
singular fibres. 

This paper is organized as follows. In section 2 we construct the explicit lo- 
cal models of generalized special Lagrangian torus fibrations. In section 3, we 
discuss the concept of (strongly) T-boundedness that is closely related to the 
toric properties and is crucial for our multi-scale estimates. In section 4, we 
work out the Darboux coordinates of the symplectic neighborhood of a special 
Lagrangian torus in the local model and their estimates. The corresponding 
discussions in |11[ I12| are much easier and almost trivial in comparison. In 
section 5, we establish the estimates for the deformation from the local mod- 
els discussed in section 2 to the actual Calabi-Yau hypersurfaces. In section 6, 
we apply the symplectic neighborhood estimate for the local model (Yt,ijJt) in 
section 4 and the estimate for the coordinate under deformation in section 5 
to work out the basic estimates necessary to apply the implicit function theo- 
rem to our deformation construction. In section 7, we clarify why individual 
generalized special Lagrangian torus we construct via deformation will together 
form a fibration in the corresponding region. In section 8, we prove the local 
uniqueness of generalized special Lagrangian torus under Hamiltonian deforma- 
tion, which makes it possible for us to glue different pieces of fibrations together. 
In section 9, we apply the results from section 7, 8 and ^] to construct the 
global maximal monodromy representing generalized special Lagrangian torus 
fibration for general Calabi-Yau hypersurfaces near the large complex limit in 
toric varieties. 
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Remark on notations: a ^ b means |log(a/6)| is bounded or equivalently 
C~^|(i| < 1^1 < for a bounded constant C > 0. We often use (ojj) (or 
(aij)mxri) to dcHOtc a (m X n) matrix with the ij-th entry ciij. Wc also use 
{A)ij to denote the zj-th entry of a matrix A. a has been used for two pur- 
poses, as a 1-form or in the notation for Horder space. I is used as either 
identity matrix or an index set. It should be clear from the context which usage 
is intended. 

2 Examples of special Lagrangian 

In this section, we discuss some examples of smooth generalized special La- 
grangian tori that will be the local models of our deformation argument. 

Consider C"'^-^ with coordinate z = {zq, z", z') = {z" , z') = (zq, • • • , Zn) and toric 
metric with Kahler form u = dd{\z"W + p{z')), where z" = {zi, - ■ ■ ,zi), z' = 

{zi+u Zn), \z"\l = >^k{z')\zk\'', I" = {0, • • • , Z} and 7' = {/ + 1, • • • , n}. 

k£l" 

Let Yt = {z & €"+^1^0 ■ ■ ■ Zn — tp{z')} be a family of hypersurfaces in C"+^. 
z = {z", z') = {zi, - ■ ■ , Zn) can be used as coordinate of Yt- 

For any r = (n+i, • • • , r„) e M"q' and c = (co, • • • , c;) e , one can consider 

Sr,c = {z= {z'\ z') e C"+i||^,-| = r,-,i e 7'; Afcl^^l^ = + k e 7"}, 
where r}{z') is a real valued function satisfying 

n (cfe + rj{z')) = k{z') = K{z')Mz')\\ A(z') = l\{z')R-\z'), 
kei" 

A =11 X,iz'), i?(z')=n^f' 
fee/" jei' 

with fixed \t\. Without loss of generality, we assume = Cq < ■ ■ ■ < q. In 
particular, when c = 0, 

Sr,o = {z = {z",z') e C^+'\\zj\ = rjj e I';Xk\zk\^ = AT\tp{z')\T,ke I"}. 
It is convenient to introduce f) satisfying 

l[ic, + f,)=A{z')\tf. 
kei" 

Notice that A{z') is actually a function of r. Hence 17 is a function of r, c, which 
will be constant on Sr,c- It is easy to see that 77 < 0). 
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Remark: rj, k, Sr,c also depend on \t\, which we will take to be a fixed small 
constant throughout our discussion. 

A region (in C"+^) is called normal, if \p{z')\ > C > and e{z) = max ( -^4 ) 

je-f' \\zj\J 

is small in this region. (The notion of normal region will be refined in section 
6 to suit our application. Such refinement is delayed to allow us to derive our 
estimates in more general setting before section 6.) It is easy to see that 77 ~ 
in a normal region. In a normal region near Sr,c, \zk\ ~ V + for k € /" 
and e ~ fi/ri+i. Without further mentioning, the discussions in this paper will 
always be within a normal region. 



It is straightforward to derive 



"^"^ =Cr?, whereC= ( ^ »7(cfe+r?)-M , 1 < < (2-1) 



Kkel" 



dlogK 
Let fj, satisfy 



dlogK 

Then 



dlJ' = vy] = c;(?? - Cfe log(cfe + T])). 

kei" " ' fee/" 



We may take 



/i = (Z + l)r? - ^ Cfe log(cfc + r])=r]{l + l + log k) - ^ (cfc + ??) log(cfe + ij). 
kei" kei" 



It is easy to check that 

dr] C,r] djjL 

dck Ck + n dck 
Straightforward computation yields 



= -log(cfe+r?). (2.2) 



dd]i = ri{ddlogA + CdlogndlogK). (2-3) 

ffc T ^ . _ dp \ . . _ d\k A . _ dA 



Assume that Zk = rke'"". Let = gj^^, Xkj = WTEi^^ = aiSiWF ^^'^ 
j e We have 

Proposition 2.1 

u>-ddfi=-i'^d{Xk\zkf-r])Ad6k-i'^dlpj+ ^ ^Y^{Xk\zkf - r]n/^d9j. 
kei" jei' \ kei" ^ J 
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Proof: It is straightforward to derive that 



fee/" jei' \ kei" ) 



A d9j, 



= -zd77 A dATg{tp) -i'^d( i]^ ] A d6'j 



Subtract from uj and use the facts 



dArgitp) = 5^ d^,, and 4^ + 1 = ^ 

we get the desired formula. 
Proposition 2.2 

Proof: On Sr,c, Pk, ^k,j, (Afe|zfep — rf) are constants. By proposition 12. II 



Theorem 2.1 When \t\ is small, w = (w — 99^) is a Kdhler form on a nor- 
mal region in C""'""'^. Sr,c inside such region is a generalized special Lagrangian 
suhmanifold in C"^^ with respect to the symplectic form uj and the holomorphic 
volume form 

Proof: Recall from the formula (|2.3|l 

ddfi — rj{dd log A + ^9 log nd log n) . 
Since \t\ is constant in k, 

d7 

51ogK = 9(logA + log Ip(z')P) =9(logA + log|p(z')n- XI —■ 

jei' 

Since \p\ is bounded from below by a positive constant, 9(log A + log is 
bounded. Consequently, — 0{e^), which is small. Therefore, w is a Kahler 
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form on a normal regfon in C""*"""^. 

With proposition 12. 21 to show that Sr,c is a generahzed special Lagrangian, we 
only need to show that il has constant phase when restricted to Sr,c- On Sr,c, 

dzi. , dzi. dri ,, 

— = id0k, for kel'; — = idOk + for k e /". 

Zk Zk 2(cfe + ri) 

When restricted to Sr.c, \t\ is a constant and -q only depends on 9' . 

n 
k=0 



Theorem 2.2 When \t\ is small, Sr,c H Yt in a normal region is a generalized 
special Lagrangian submanifold in Yt with respect to the symplectic form Cut = 
(w — dd^)\Yt and the holomorphic volume form 

Proof: We only need to show that fit has constant phase when restricted to 
Sr,c n Yt. The proof is almost the same as in theorem l2. II We have 



nt\s.,^nY,=i'''[[d9k 



k=l 



Remark: Since ujt depend on c, the family {Sr,c H Yt} generally does not form 
a generalized special Lagrangian fibration for Yt with respect to a fixed Kahler 
form. 



3 T-boundedness 

T-boundcdness discussed in this section is closely related to toric properties. It 
will be useful in estimates throughout the paper. (In this section, c is temporar- 
ily used to denote a constant, because C sometimes is too easily confused as a 
matrix.) 

Let Z = Diag(zi, • • • , Zn). A Hermitian matrix G = {gij)nxn is called T- 
bounded if ZGZ~^ is bounded. Notice that as a consequence of T-boundedness, 
G and Z^^GZ are bounded. 

Lemma 3.1 If G is T-bounded and det(G) > c> 0, then G~^ is T-hounded. 
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Proof: G being bounded and det(G') > c > imply that G is bounded. 
Since det{ZGZ-^) = det(G), {ZGZ-'^)-^ = ZG'^Z-^ is bounded. Conse- 
quently, G~^ is T-bounded. ■ 

Remark: When applying this lemma, it is often convenient to verify the 
stronger conditions G > c/ (c > 0) or G~^ being bounded in place of det(G) > 
c> 0. 

For our application, G will be the metric matrix of a toric Kahler metric. More 

generally, wc can consider a symplcctic form that is a small perturbation of a 
Kahler form. Such symplectic form can be expressed as 



S = G + H 



H G 
-G* -H 



where 



-G* r \ -H 



zsz ' = [ ^2&2-^ -2RZ-^ ) ' ^^^"^^ ^ = 



Z 
Z 



^ -{g-^ J, ZG z -y zG-^z-^ 

The boundedness of G and ZGZ~^ is equivalent to the boundedness of G and 
ZGZ~^. The boundedness of G~^ and ZG~^Z~^ is equivalent to the bounded- 
ness of G-i and ZG-^Z~ . Sjs called T-bounded if ZSZ''^ is bounded. S'^ 
is called T-bounded if ZS~^Z is bounded. 



Lemma 3.2 7/5 is T-bounded and det(5) > c > 0, then S ^ is T-bounded. 

Proof: S being bounded and det(5) > c > imply that is bounded. Since 

det{ZSZ-^) = det(S'), we see that {ZSZ'^)-'^ = ZS-'^Z~ is bounded. Con- 
sequently, is T-bounded. ■ 

Remark: T-boundedness can also be more generally defined for non-Hermitian 
matrix G by requiring both ZGZ~^ and Z^^GZ being bounded, which im- 
plies that G is bounded. Similarly, corresponding S is called T-bounded if both 

ZSZ~^ and Z SZ are bounded. The two lemmas will still hold true for such 
general G and S. The proofs are almost identical. 
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In the rest of this section, wc will assume G to be such non-Hermitian matrix. 
Such G is T-bounded if and only if 

\z^\ \Zj\ 



G is called torically bounded if 

G={0{6ij + \z,z,\)). 

The matrix of a smooth toric metric on C" is of this form. (With a little abuse 
of notation, when used with other (n x n)-matriccs in this section, wc will use 
{iij)ixj to denote an (n x n)-matrix whose (i, j)-cntry equals to unless i € I 
and j £ J.) G is called (J x J) strongly T-bounded if G is a sum of a torically 
bounded matrix and an (n x n)-matrix of the following form: 

The matrix of the restriction of a smooth toric metric on C"+^ to our hypersur- 
face and the perturbed metric on C"+^ are of such form. It is easy to see that 
a torically bounded or strongly T-bounded matrix is T-bounded. 



Lemma 3.3 If G is (/ x J) strongly T-bounded and det(G') > c > 0, then G ^ 
is {I X J) strongly T-bounded. 

Proof: Let G = (gij) and G~^ = {g^^). By Crammer's rule, = g^^, where 
Gji is the (ji)-minor of G. When i = j, there is nothing to be proved. When 
i ^ j, since G is bounded, through the formula of determinant, Gji can be 

m— 1 

expressed as sum of bounded multiples of terms like JJ 9ikik+i^ where i = ii, 



j = im and {ii, • • • , im) are all different. 



fc=i 



If ftiis = Od^iJIziJ) and,gi2i3 = O ( — r ) , then g^^i^gi^i^ = O ' 



0{\zi^ \\zi^ I). By induction, one can show that if gi^ik+i = 0{\zi^. \ \zi^_^_^ |) for some 

m— 1 

k, then Yl 9ikik+i = 0{\zi^\\zij) = 0{\zi\\zj\). 

k=l 

On the other hand, if gi^i^,^.^ = O ( -. — tr^^ for all k, then i G I, j G J and 

V pijs I / 

^^^^1 /||2\ /l|2\ 
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Similarly, we may extend the concepts of torically bounded and strongly T- 
bounded to S — G + H. Let the index set J be the miion of J and n + J (the 
n-shift of J) and 



S = S 



-I \ _ ( G_ -H 

1 ) [ -H G* 



S is called torically bounded or (/, J) strongly T-bounded if S is torically 
bounded or (/, J) strongly T-bounded as a (2n x 2n)-matrix in the previous 
sense, where Zn+i = Zi. (In particular, G is torically bounded or (/, J) strongly 
T-bounded if and only if G is torically bounded or (/, J) strongly T-bounded 
in the previous sense.) Consequently we have 

Lemma 3.4 If S is {I x J) strongly T-bounded and det(S') > c> 0, then S^^ 
is (/ X J) strongly T-bounded. 



Natural examples oi G or S — G H are the matrices corresponding to (1,1)- 
forms or symplectic 2-forms. Such (1, l)-form or symplectic 2-form is called 
torically bounded, (strongly) T-bounded if the corresponding G oi S = G + H 
is torically bounded, (strongly) T-bounded. 

Remark: Although lemmas ITSl and lX^ are much more refined and precise than 
lemmas l3 . II and 13.21 for most application in this work, the much simpler lemmas 
13. II and 13.21 are usually sufficient. 



4 Estimate for the symplectic neighborhood 

For our discussion, it is crucial to establish suitable Darboux coordinates (sat- 
isfying certain estimate) for the symplectic neighborhood of the special La- 
grangian local models discussed in section 2. Such coordinates will be estab- 
lished in this section. 

According to proposition 12. II we may write 

wt = (w - dd^i)\Yt ^ujt- id{Xo\zo\'^ - v) ^ dAj:g{tp), 

where 

n 

ut = i'^dxk A dyk, 

k=l 

with the coordinate Xk = Ok for 1 < k < n and 

Vk = Afcl^fcP - Ao|zoP - Cfe, tor 1 < k < I; 
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- - (AolzoP -V)+Y. -V)- Cl for / + 1 < j < n. 



fee/" 



C° is chosen to ensure that yjlsr.cnFt = 0- We will start with some estimates of 
the coordinate transformation of the coordinates (x, y) and z = (zi, • • • , z„) of 
Yt near 6*^,0 H Yf . Notice that near Sr,c H Yj, \zk\'^ ^ [rj + Ck) for fc S /". 



Lemma 4.1 

9yj 



91og|zfc| 



^log|zj- 
dyk 



O {Sjk\zj\\zk\ + |z,f l^fcP + koP) - O (min (|z,f , |zfe|2)) , 

dx n T 

91og|z|2 " ' 9^ " ' 

(0),,, {O{\zo\'\z,\))^^^, 
(0),,,, (O(|zonz,|))^,^^, 
1 + , 'Z' ,0 I = O I min 



dy 

de 



O 



6jk 



\Zj\\zk\ 



^ -0 ^ - J 

dy ' dx ' 



^ log 1^1 
dx 



(0) 



0( Ark. 



Ol^lz. 



7'x7' / 



Further more, the multi-derivatives of each non-constant term with respect to 
{logZfc})!^]^ will hold same bound. 



Proof: Recall from (|2.1|l 
dri 



Slog 



- = Cv, where C = X! + ^) M 



drj 

— = r]C2Re{ipj/p), 



de 

d\z^\ 

de. 



where pj = Zj for j G /' 



|zop2Re(ip,/p), 



In the following matrix computations, we will always use j as row index and k 
as column index. It is straightforward to get 
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/ dy 


dy 


d\og z p 


09 


dx 


dx 




09 



dy \ 



5iog|2|2 de 
V 



The inverse matrix 

/ dlog\z\'^ aiog|-g|^ \ 
dy dx 



de 

\ d^ 



de 
di I 



( f 9y 



9 log |zp 




dy 



9 log |zp 
/ 



dy \ 



dy 



9 log \z\' 



( ( 

\d\og\zk\^ 



Ixl 



[_dyj_ 
\dlog\zk\^ 

( 



Ixl' 



\ V^log|^;fe|V/'xi V^log|^fe|V/'x7' / 
{SjkXk\zk\' + AoNol'),,, {0{\zjf\zk\', \zo\')),,,, 

{XkM' + (Ao - AoJIzol^),,,, {Pjk + 0{\z"\'\z,\', \zon)j,,j, 



dy 

de 



de. 



kJ Ixl 



de. 



\ 



kJ Ixl' 



9yj 



( {^)lxl 

^ {^)l'xl 
More precisely 

dyj 



(-Ao|2:o|^2Re(ipfc/p)) , 



(Aoj - Ao)|^o|' + - X j '^7 j J 



aiog|2;fc|V;x/' 



= {hA^if - Ao.fcl^ol^ - Ao|zo|2(l +Re(pfe/p)));^^, 



Notice that \z"\ < C\zj\ for j G I'. It is straightforward to check that 



/ 



alog 



SjkXk 



^ AqIzqI- 

^j^k J Ixl 
iO)rxi 



(0);x/' 
( P2±.\ 

\ZjZk J ji^ji J 
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+ 



V 



0{\z,\\zk\ 



Nop 



is strongly T-bounded and 



det G = det I 6jkXk 



o(\z"\\zk\, 
det 



\zo\' 

\zj\\zk\/ / /x7' 



l^ill^fel///'x/' / 



f^) +0(|z"U) 



is bounded below by a positive constant. By lemma 1^751 G "'^ is also strongly 
T-bounded. Hence 



^aiog|z,| \^z-'G-iz-^^(of 



Since 



1 



\zo\' 



\Zj\\zk\ kjP|zfc|2 



dy 
09 



91og|zp d\og\z\'^ dy 



dx 



dy 86 



I 



(0) 



X/ 



l=,p 



ix/' 



/'X/' / 



To prove the boundedness of multi-derivatives, notice that when 6^1, the 
bound of 



d 



1 



96 



51og2fc \hl 62 y cJlogZfc (91ogZfc 
can be reduced to the bound of — and — . Also notice that 



d log Zk 
d\zo\' 



9 log Zk 



d log Zk d log Zk 
S-jk\zj\'^, for I <j,k <n. 
2 9ri 



d log Zk 



= 0, for 1< fc < L 



— = zo — , = C?? -r ^ — + 1 > for fc e / . 

dlogzfc p ologzk \ A p 



d 



V 



V 



dlogzk \r] + Cj J T] + Cj \ V + J \ A p 



C( 4^ + ^ + 1), for fee/'. 
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For terms in the lemma, other than toric monomials (eigenfunctions of toric 
action), denominators are ~ 1. The log-derivatives (generators of the toric 
action) preserve toric monomial up to constant multiples. Since |zo| and rj 
never appear as denominator, above computations imply that log-derivatives 
will preserve the bounds of the terms in the lemma as claimed. ■ 



Lemma 4.2 For I = (ii, • • • , i„) and J = (ji, • • • , j„) in Z"q, we have 



d log Zj 



dW+\J\\osz, 



< 



dxk 
CroTi ^ Cri 



< 



CrkTQ 



^2J^. ^757-' when l/l-f I J| > 2, |J|>1, 



51-^1 loe 



{dyy 



C 



C 



where 



{dx)' = HidxhT", = Y[ rl^, n = mm(rfc). 



fe=i 



fc=i 



In particular 



al^l+ilog; 



[dxYdyk 
Proof: Lemma [4.11 implies that 



< 



C 



min(rfe) 



rjrk ik>o 



d log z. 



dxk 



< 



Cruro 



d log Zj 



dvk 



< Ci 



^1 ' ^fe 



< 



,2 ' 



and the multi-derivatives with respect to log z will hold same bound. Conse- 
quently 



log Zj 




d log Zi d 


dxidyk 




dyk d\ogz. 



ri ri_ 



d"^ log Zj 
dxkdxi 

The estimates for more general / and J are straightforward analogue of these 
two estimates. ■ 

Let ujt^s — i^t — isd{Xo\zQ\'^ — tj) A dArg{tp). Then ujtfl = ujt and ojt^i = oJt- 



dlog Zi d f 91ogz 



dxk d log Zi 



dxi 



< Cr, 
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Lemma 4.3 The matrix representing LUt^s and its inverse are strongly T-bounded. 
Proof: Since 

d\zo\'^ = ^ I — r^7-r^Re{ppkZkdzk) - ^ -j — pdl^fel^ = 0{{zkdzk, Zkdzk}k=i), 
k£l' ^^^^ k=i l^*^' 

the only term in that is not toricaUy bounded is 

a*oPH,i^(|:^-f)(|:t-|). 

It is easy to verify that this term is strongly T-bounded. Recall that 

ddfj, — rjdd log A + — dlognd log k 
a log K 

ddnlvt = ?y991og A + (r]{d\ogA + dlogp)(91og A — dlogp). 

The first term on the right is toricaUy bounded and the second term is strongly 
T-bounded. 

cjt^icj- ddfi}\Y, - ^kdd\zk\^ + AolzoP + + 0{\z"\,e). 

fe=l j-k=l ^^^^ 

Let G be the metric matrix of uit- We see that G is strongly T-bounded and 
det G = det 



5,kXk + ^^) det(P^) +0{\z"\,e) 



is bounded below by a positive constant. By lemma G ^ is also strongly 
T-bounded. 

uJt,s is non-Hermitian symplectic form and can be represented hy S = G + H 
(notation from section 2). It is easy to check that the perturbation H is of 
order O ('^^^^ ^^'^ is strongly T-bounded. Therefore S and are strongly 
T-bounded flemma mji . ■ 

^^^j^ ^ da, -i(Ao|zoP - 'n)dATg{tp). 
Applying lemma lOl we have 



Ha = l{a)lll^]. = (Ao|zo|^ - r\) 
Let ips denote the flow of —Ha- Then 



\ n d d \ ^-^ f \zq\ d 
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ds '^^ ^ dao ips- di{Ha o ips){ilit,s ° Vs) = 0. 

Namely, (ps '■ (lt,'^t) — > (^t,'it,s) is a symplectomorphism. (From now on, we 
will use to denote the coordinate on Yt that was denoted by z.) Let z = z'^oip^ 

dz 

(in another word, z = (ps{z'^)) we have — = —Ha{z). 



ds 



Lemma 4.4 'Ps\Sr criYt = id- 



Proof: Since (Ao|zoP — 'n)\sr,ar\Yt — 0, -ffals^^nFt — 0. By the uniqueness of 
solution of ODE, we have ^Ps\s-r criYt — id- ■ 



ds 
d 

ds 



-H„(logZj) - (AolzoP ~v)0[l + e-p^ ] for 1 < j < 



"3 P 



r/z 

- -if„(z,) = (Ao|zol'-^)0(l) forZ + l<j<n. 



Hence 



rflog.0 _ dlogitp) - dlo^ ^ _ f e 



ds ds ^ ds V Uol 



Using the notation 

0[A)=AO[\), where ^ = Diag((e^ + |zort 

and 0(1) is usually a matrix, we can write 
dlogz 



ds 



-if„(log2) = 0(A). (4.1) 



It is easy to check that the multi-derivatives of — i/Q,(logz) with respect to logz 
will hold same bound 0(A). Since Ha depends on c, the solution of H4.1(l is a 
function of (s, c, z°). The following lemma deals with the dependence on c. 

Lemma 4.5 For z — ipsizo), 

d\ogz 1 , , Slogzo 1 

— — 0(A), — = — — O(e|zo|)- 

Proof: We may rewrite 

^t,s = t^li-t - + i(l - s)d(Ao|2;op - 77) A dkxgit-p). 
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Applying formula (|2.2|) . we have 



OCk Cfe + T] 



^ = dd\og{ck +v) + «(1 - s)^^dATg{tp) 



Ck + V 



dkvg{tp) ~i^d 



Ck + V 



((logA),-l) rffl,. 



-O 



Ck+7] V|2»lkil/7'x7' ' 

(The last term uses the matrix notation from section 2 for the 2-form.) Applying 
lemma we have 



dck 
V 



Ck + V 



„ d d 



-1 dut. 



s ^ -1 



dz" ' dz' 



dCk ^''^ 
20 1 d 



k=l 



\zk\ dzk 



Consequently 
d f dlogz 



ds \ dck 



dHa . dHa{logz) dlogz f dlogz 

(log^) n 5 — = 0(A) 



dck d log z dck 

Standard linear ODE estimate yields 

d log z 1 



dck 



dck Ck + ?/ 



0{A). 



1 



Ck + V 



0{A). 



Lemma 4.6 For z — ips{zo), 
' d log Zj 



d log z1 



d log Zj 
d log z\ 



I + 0{A), 



0[A), 



d log Zj 
9 log zk 

d log Zj 
d log Zk 



I + OiA). 



OiA). 



Further more, the multi-derivatives of each non-constant term with respect to 
{logz'^}^^^ ({logZk}k=i) and their complex conjugates will hold same bound. 
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Proof: Using similar argument as in lemma ETI we see that the multi-derivatives 
of right hand side of equation (|4.1(l with respect to {\ogZk}k=i hold the same 
bound. Take derivative of H4.1|l with respect to logz*^, we have 

dlogz \ _ ^^^^ f dlogz 



ds \d\ogz^ J \91ogz' 
By standard linear ODE estimate, we have 

' d log Zj 



d log zl 



I + 0{A). 



Using induction and similar ODE estimates, we see that all the multi-derivatives 



of tt; 77 I ■^ith respect to {logzP}i;_, and their complex conjugates will hold 

Valogz^y 

same bound. Since 

def'^^^S^^- 



^ d log z° 

by standard linear algebra, we have 

a log zk J 

Consequently 

d ( d\ogz'^j\ _ [d\ogzf\[ d^hgzi d\ogz°\ f dlogz"^ 



dlogzi \ d\ogZk j \ dlogzi j [dlogz^dlogz^ dlogzi j \dlogZk 



0{A). 



( 31ogz°\ 

Similarly, by induction, all the multi-derivatives of — with respect to 

\^dlogZfe j 

{logzfe}^^]^ and their complex conjugates will hold same bound. The estimates 
forf|M)-df^V---ilar. 



5 Deformation estimate 

In this section, we will establish the estimates for the deformation from the local 
model discussed in section 2 to our actual Calabi-Yau hypersurface. Estimates 
in this section are somewhat parallel to the estimates concerning the symplectic 
flow in section 4. 

Consider C"+^ with coordinate z — (z", z') and toric metric with Kahler poten- 
tial p{z", z'). This can be considered as a local affine neighborhood of the toric 
variety. Assume the family of hypersurfaces can be locally defined as 
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Xt = {zo---Zn = tp{z", z')} 

with the Kahlcr form Wt = ddp\xf Through our discussfon in this section, t 
will be fixed. To connect with our local model, we introduce 

Xt,s = {Z0---Zn= tp{sz", z')}. 

Yt = Xtfl is our local model and Xt^i = Xt is the actual hypersurface. Corre- 
spondingly, we may define on C""*"^ the family of Kahler forms 

Qs = ddps, Ps{z", z') = p(0, z') + \s\-^{p{sz", z') - p(0, z')) - (1 - s)^. 

Let wt,s = i^s\xt^s- Clearly a)t,o = i^t and Cot,i = <^t- P can be locally expanded 
as 

p(i",^') = p(o,^')+ E i^^iV(-^')+ E i(5")'iV(^')- 

kel" \I\>2 

Then z') = z'), po{S" , z') = p{z') + \z"\l - ^l, where p{z') = p(0, z'), 

I^'Ia = E ^k{z')\zk\'^ , Xk{z') = p''{z')- p, is defined in term of k{z') = 

k&I" 

A(z')|tp(0, where t is fixed, {p here when restricted to the local model 

Xtfi will coincide with the previous definition if we identify p{z') = p{0,z').) 
We have 

^ = v,+p, where = E s'\'\-'\{z"y\'p\z'). 

Since the background metric on C"+^ is not fixed and depends on s, the 

Hamiltonian-gradient vector field for (Xt ^, LL!t,s) is awkward to compute directly. 
Instead, we will use the Hamiltonian-gradient vector field V with respect to fixed 
background cDg (by freezing s), in combination with the symplectic deformation 
determined by varying background Kahler forms similar to the approach used 
in section 3. More precisely, = das where 

ia^ = M^^) = E '^'='^9^'^^'= + l^jf +^^M^log'^)• 
Let be the fiow determined by y — , where is the vector field along 
Xt,s satisfying 

Lemma 5.1 

is a symplectomorphism. 
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Proof: 



Remark: In fact, it is straightforward to check that V — Ha, is actually the 
Hamiltonian-gradient vector field for the family {Xt^s,^^t.s}s&[o,i]- We will not 
need this fact here. We will only need lemma I5T1 



Lemma 5.2 When restricted to the complex hypersurface Xt^s, where t,s are 
constants, we have 

_ 2Re(^^£^f^V(zo ■ ■ ■ z„ - tpjsS", z'jj) 

\d{zQ ■ ■ ■ Zn ~ tp{sz" , Z'))\'^ 

2Re{p{sI", z')S/{zn ■ ■ ■ z„ - tpjsS" , z'))) 
* \d{zo---z^~tp{sS",z'W 
where Vt is the Hamiltonian-gradient vector field with respect to the parameter 
t. In particular, when Xt^s o,re all smooth, V and Vt will be smooth vector fields. 

Proof: To make the notation more clear, we assume s in the lemma is freezed at 
So- Recall that V can be characterized as orthogonal to Xt^so and V{s)\s=so — ^■ 
V is clearly orthogonal to Xt^so with respect to Wt.so- Since 



zo - ■■ Zn - tp{sz", z) = 0. 

dtp{sS", z') 



We have 

F(zo ■■■Zn~ tp{soz", z')) = - 
It is straightforward to compute 

V{zq ■ ■■ Zn- tp{soz", z')) 



ds 



dtp{sz",z') 



ds 



Therefore F(s)|s=so = 1- The derivation of the formula for Vt is almost identi- 
cal. ■ 



On Xt^s, 



d{zo ■ ■ ■ Zn- tp{sz", z')) = Zo - ■■ zi 
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where 



1- spk{sS",z'), for fee/" 



1 -Pfe(sz",z'), for fc e /' 
Substitute into lemma we have 



dzk ■ 



Vt 



kei" / \k=0 , 



where 




fc=0 



Lemma 5.3 Let {(jj^) o,nd (gj^) denote the metric matrices of ujs and (jJt,s- 
Then both {cjj^) and its inverse {g^-') are (/' x /') strongly T-hounded, and both 
{gjk) and its inverse {g'^-') are strongly T-hounded. 

Proof: Since dd^i only depends on z' and 

n 

dzQ^-y dzk, onXts. 

It is straightforward to verify from the definitions that (^jj) x /') strongly 
T-bounded, and {gji) is strongly T-bounded. 

Since dd^j. = 0(e), deilg^j.) > C > 0. det(5j^) > C > for similar reason. 
By lemma 1531 {g^'^) is (/' x /') strongly T-bounded, and (g'^^) is strongly T- 
bounded. ■ 



Lemma 5.4 



ozk 



Zk\^ ) dzkj^^j^l \{ \zk\ dzk j k=i+i 
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Proof: Lemma [5.31 implies that 7^ — O ( \ °L V This give us the estimate for 
V. It is straightforward to compute that 

I n 

dvs = Y,0{\z"\^Zkdzk)+ J2 0{\z"\^zkdzk), 

k=l k=l+l 

dfi = rjd log K = ri{d log A + dlogp) = ^ O (rj^^j . 

k=l + l ^ ^'^ 

Applying lemma l531 again, we get the estimate for Ha^. ■ 

Let z'^ — z\xt s-i^d z^ = zo (j)s\xt a (i^ another word, = (j)s{z'^)) be functions 
on Xt Q (for simplicity of notation, we will use z to denote z") and 



B = Diag 



'{„.„(|.T,(.'H-|="|)M)}|^_ 



Applying lemma IST^ we have 



'^°S^^O(S), ^i^=0(|z"|,e^ (5.1) 



ds ' c?s 

Lemma 5.5 For z — (psizo), 



-^M^O,B, i^^'.O^B, (^)^/.0,«, 

Further more, the multi-derivatives of each non-constant term with respect to 
{logz^}^^i ({logZk}^^i) and their complex conjugates will hold same bound. 

Proof: The proof here is identical to the proof of lemma 14.61 by replacing A 
with B. U 



Lemma 5.6 For z = (/)s(zo), 

'-^-^OiB), '-^^^0{\zV). 
ock Ck + r] dck Ck + f] ^ 

Proof: Applying formula (|2.2|l . we have 

^^^lm{^log{ck+v))^^^lm{^\og^) = ^ O f ^ 
ock Ck + rj Ck + rj .^^^ \ Zj 

As in lemma ^31 
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= (1 - s)ddlog{c, + r;) = -^O 



dck 9ck X,,, Ck+V \\zt\\zj\J 
(The last term uses the matrix notation from section 2 for the (1, l)-form.) 



Nop 



^7: 



dck 



Cfe + ri 



\zo\\ J&I" 



dV 



Ho 



\z"\\z,? 



dck Ck+rj 
Applying lemma we have 

dHa ( da 



3=0 



dck 



dc. 



V 



Ck + ?? 



Consequently, (as in lemma E3] 
d ( 91ogz 



= 0{B) 



9 log z 
dck 



ds \ dck 
Standard linear ODE estimate yields 

d log z 1 

dck Ck +1] 



1 



Ck + rj 



0{B). 



0{B). 



Remark: It is easy to see that B dominates A. Lemmas 14 . fil and 15.51 lemmas 
14.51 and 15.61 can be combined. Consequently, the estimates in lemmas 15.51 and 
15.61 are also true for z = ?/js(z'^), where ijjs = (f>s o ^i- 



24 



6 Basic estimate 



Having established the symplectic neighborhood estimate for the local model 
{Yt,uJt) in section 4 and the estimate for the coordinate under deformation in 
section 5, we will apply them here to work out the basic estimates necessary 
to apply the implicit function theorem to our deformation construction. Recall 
the basic setting from |lllll2j . 

-fj dzi dzi dlogZi dlogZi 
" = , = —t: dyk H 5 dxk- 

1 " dz.- " 
^t,s = i{Vt)ft\xt , = Y\. — ^ = II ^'^^^ + • 

^0 ^=l »=1 



■det 



90 



d log 

dxk 



d log zk 
dxi 



Let z = il)s{z^) and 

1 _aiogz^ (^iv 



d log z'- 



9 log Zj 
d log z° 



9 log z" 
dxi 



d log zfc ' 



9 log 



Then 



rjs = det(?7,if7^ + UlU^), Us = (C/iC/^ + U}U^)-\mU'^ + J/.^f/^) (6.1) 

Let Ltfi = Sr,c n Xt.o- Since 5o|Lt,o is not flat, it is convenient to introduce a 
background flat metric g on Lt.o, which is quasi-isometric to goUf o' measure 
the estimates. Let Ui — rf for i e I' , and = y/fj + a for i G /". Define 



1=1 



^dxf. Since in our normal region = \zf \ ~ i^i near Lt_o for all i, g 



is quasi-isometric to goUto- From this section on, we will further require our 

normal region to satisfy < C\zi\ for 1 < i < Z and \zf\^ > C\zq\ for 

3 3 
i ^ I' . Equivalently, i^/ < Cvi for 1 < i < / and z^/ > Ci^o for i £ I'. Under 

such conditions, we have e < C|zq|3 ~ i^q and \z"\ < Clz^l^ ~ z^^^ . 



B — Diag < z^^^ max i^i 



Recall the transition estimates of norms on thin torus (lemma 3.5 of |12|). 
Lemma 6.1 



dh 

dxk 



c° 



dxjdxk 



< 



CO 



Ciyji^k min(f", 
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dh 



dxi 



<Cul[h]c^.. 



d^h 



dxjdxk 



< CvjVk[h]c2,. 



A Lagrangian torus L near Lt^ can be expressed as {x,y) = {x, ^) under the 
Darboux coordinate from section 4. As in |11II12| . 

/ / Qh\ ( d'^h 

F{h,s) = lm{\ognt^s\L) = Im (log??, ( 2^,^ j +logdet U + Us-^ 

defines a map F : Bi x R ^ B2, where Bi = C^'°'{Ltfi) and B2 = C"(it^o) 
are Banach spaces. We intend to apply implicit function theorem to F to 
construct the family of generalized special Lagrangians Lt^s with respect to 

In this section, we will always assume that [/ijc^.^ < C for a constant C > 
that will be determined later in theorem 16 . II when we try to apply the implicit 
function theorem. Then according to lemma IHTI we have l^^lco < C't'^"''". 
For this reason, we will always restrict our estimates in this section to the 
neighborhood of Lt.o, where \yk\ < Cv^'^". 

Lemma 6.2 



dh 
dx 



U^{x,0) 



< Cvl min 1, 



9ykJ,j\ dxj 



:c(i/f " + i^n/i]c=.»)min(^l,^^ 



min ( 1, — 



Same estimates hold for U} . 



Proof: These estimates are direct corollary of lemmas I4.6l and l5. 51 (also see the 
remark after 15.6(1 . The last two estimates will also need lemma 14.21 We will 
prove the second estimate to illustrate. 



Ul X 



dh 
dx 



< C 



dUl 



dx 



CO 



max \z, 

l</<n ^ 



C max 

l<k<n 









■ dh ' 




( 


. 9yk . 


CO 


dxk 


J 







dU} d\ogz° 




CO 


d log 2° dx 



Applying lemmas 14.21 14.61 and 15.51 we have 

dU} aiogz" 
d log z^ dx 



< Cvl min 1, — , 



CO 
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dU] aiogz" 






d log 2° dyk 



dUl 9 log 2° 



d log dyk 



< 



c° 



mm 1, — 



Combining these estimates together with lemma I^TI we have 



min I 1, — 



In this paper, C ' is the same as C 



Lemma 6.3 For j3 — Q or a 

dh 
dx 



fdu^ 



{U%,{x,0) 
dh 



\ dyk 

Proof: Lemma [4.21 implies that 

dyk 



dx 



< 



Ciy. 



1-/3 



CP' 



X, 



dh 
dx 



dykdyi/ ly-^i^l 
dh 



< 



fdu^ 



< 

J CO 

_dHP_ 

dxidyk 



< 



,2 • 



V dyk 



dx 



< C max 

KKn 



J C° 



\dxidyk 



+C max 

KKn 







)' 




' dh' 




( 


\dykdyiy 




c° 


dxi 


c 



{U%,[x,^]-iU').,ix,0) 



1 



\dyk 



dh\ dh , 
X, T— — — dr. 



dx J dxk 



For /3 = or a 



dh 



{U%Ax,— \-{U%,{x,0) 



< 



dip 

dyk 



dh 
dx 



CO 



dx 

dh 
dxk 



< 



Cv. 



1-/3 



dh 
dxk 



dh 
dxk 



fdU^ 



\ dyk 



c° 



ij 

1-13 



X, T 



dh 
dx 



dh ' 

dxk 



dr. 



CO , 



<Ciy^-^[h]c2.,. 
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Lemma 6.4 For /? = or a 

dh 
dx 



c 

< [h]c2.l3. 



dh 
dx 



c 



< 



< 



C 



Proof: The proof is similar to lemma 16.31 by reducing all estimates to lemma 
14.21 The appearance of the factor ViVj instead of v^^ is due to the estimate 



d log z° 



dV3 



< 



C 



that is implied by lemma ^21 

Lemmas l6 . 21 16 . 31 and 16 . 41 together applying to (|6.1f) imply the following. 



Lemma 6.5 For /3 = or a 

dh 



log?7s X 



1 dijs 
Vs 9yk 



X, 



dx 

dh 

dx 



log 770 (x,0) 
1 9770 



< C 



Vo dyk 



ix,0) 



< 



4 i'^i + [h]c2.f>) 



dh 



dx 



iUsh{x,— ]-{Uohix,0) 



CO 



dh 



iUsh[x,— ]-iUoh{x,0) 



< — f-r" + [h] 



C2.» + 



C 



l-Q 1+a V-iC^ 



dh 



< 



C 



1-/3 1+/3 ■ 



dUs 
dyk 



x, 



dx 



< 



C 



1-/3 1+/3 2 ' 
'^fe 



Proof: Only the estimates of rj^ need some additional comments. In 77^, other 
than those partial derivative terms that can be dealt with using lemmas 16.21 
16. 31 and 16.41 there is an additional factor qq — 1 — spo, which need the following 
estimate 

that is straightforward to verify. ■ 
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Lemma 6.6 Recall a^^ and b\ from [W/ . For /3 = or a, 

C 



Proof: Let T = Diag(:.i, • • • , v^), = T{af)T, Uj = TC/,T, (0) 



T-i|4t-i. Then 



Kix) = Im 



1 d7]s 



Tr / + [/, 



Estimates in lemma ISTsl imply that for = or a 



' dx 



dx 



<C, 



< 



Also notice that by lemma IHTI 
Consequently 



< C[h] 



CO 



The estimate for b\ is similar by applying lemma 1^751 
Lemma 6.7 



dxk 



< 



Consequently 



C 



+ 



< 



dxk 



< 



dh 
dx 
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Proof: Recall that 



= Im(a'^), K^ (.t)) - ([/2)-if/3(x, 0), (C/^),, 



d log , 9 loe 



6* = Im(6'), 6* (a;) 



(x,0) = Tr (C/2) 



(x,0), ?7o=detf/^ 



dxh 



.(f/2)-l^([/2)-l[/3_^(^2)-lC"^ 



T{U^)^^T^^ and TJ/'^T are bounded, T— — T^^ and T— — T are bounded by 

OXk OXk 

Vk- These give the first estimate. ■ 



Proposition 6.1 Assume thatt is small and the torus (Lt,o, fft.olit o) ^'^■^ bounded 
diameter. Then there exists a constant C such that 



\\Sh\\B^<C 



f(o,o)M. 



B2 



Proof: One only need to show that C is independent of the thinness of the 
torus. Recall that 



-dSh 
dxi 



We may rewrite this as 



OF 



dSh 



(0,0)<5/i-6^ — 



^dxjdxj dh^ ^ ' dxi 



where 



1^3 tT 



Cii/j ^ . Under the coordinate x""", g = '^^{dx} 



T\2 



According to (3.1) in ^T], a*-' (x) — (gt.oUt oY'' ^ which is clearly uniformly ellip- 
tic with respect to g. Lemma l6 . 71 implies that layjca is bounded. 

It is easy to see that there exists a finite covering map tt : L — s- Lt^ such 
that {L,g — Tr*g) is of bounded geometry. We will use those symbols with 
"""" to denote the corresponding puUback objects by vr. By standard Schauder 
estimate, we have 



dh / dx^ 



where the constant C only depends on the dimension. By lemmas ffi . 1 1 and IfTTI 
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dxi 



<C\¥\c4SM^^<Ciy',-'^\\Sh\\^^. 



Since uq is small when t is small, this term can be absorbed by ||(5/i||g^. We have 

II«'IIb, < c 



f (0.0, » 



Since Sh and ^^(0, 0)^ Sh on L are invariant under the deck transformations, 
we have 



= llffllls, < c 



f (0,0) a 



= c 



B2 



dF 
'dh 



(0,0) Sh 



Proposition 6.2 



dF OF 



FiO,s)\\B2<Ciyr"- 



Proof: Recall that 



and 



dF dF \ . . d'^Sh 

-g^ih, s) - -(0, 0) j Sh = (a- - a-)^ + (K -b^) — 



F(0,s) = Im(log?7,(a;,0)). 



Lemma 16.61 will imply the first estimate. The second estimate is implied by 
lemma 16.51 ■ 



Theorem 6.1 There exist Ci,C2 > such that for Lt,o in a normal region, 

there exists a -family of function hg G Ubi {Civl ") such that Lt.s — (t's{{y = 
dhs{x)}) is a smooth generalized special Lagrangian torus in {Xt^s,'^t.sT^t,s)- 
Such hs is unique in Ubi{C2)- 

Proof: According to proposition 16. II there exist C3 > such that 



dF , , 



<C3 
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By proposition 16.21 there exist Ci,C2 > such that when h E Ubi{C2) and vi 
is small, we have 



dF dF 



< 



1 

2c: 



\F{0,s) 



< 



2^3 



Applying the implicit function theorem (theorem 3.2 in to F , we have the 
conclusions of the theorem. ■ 



7 Local generalized special Lagrangian fibration 

Although Ltfi{r, c) — Sr,c H Yt is Lagrangian in (Yt, tit), since ujt depends on c, 
when (r, c) vary, Ltfi{r,c) is not a Lagrangian fibration of Yt with respect to 
a fixed symplectic form independent of (r, c). Notice that the symplectic de- 
formation that deforms Lt.o{r, c) to Lagrangian submanifold (j)i{Ltfi{r, c)) in 
{Xt = Xt^i,ujt = i^t,i) is also depending on c. Hence there is no obvious reason 
why when (r, c) vary, Lt^i{r,c) constructed in theorem 16. II form a Lagrangian 
fibration of {Xt = Xt,i, ujt — wj^i). This problem will be clarified in this section. 
The argument can be separated into two parts. The first part is to argue that 
(r, c) {Lt^i{r, c)] is a local embedding into the smooth local deformation space 
of generalized special Lagrangian torus in (Xt = Xt^i,ujt = ^t,i)- The second 
part is to argue that it,i(r, c) do not intersect each other for different (r, c). We 
will start with the first part. 

Recall from section 4 that 

Vk = Afclzfep - AolzoP - Cki for 1 < k < l; 

y, = pj - (AolzoP ~V)+Y1 - ^) - iovl + l<j<n. 

kei" ^ 

Xk — dk is a Darboux coordinate of {Yt,'^t) such that y = when restricts to 
Ltfi. Lagrangian torus near Ltfi can be parameterized by H^{Ltfi,M.). For a 
Lagrangian torus L' = {j/(a:)} near it,o, the coordinate of such parameterization 
can be expressed as [L'\ = {57 / ykdxk}^^i- If y is constant on L', then [L'] = y. 
Recall that 

{Yt,ut) {Yt,LOt) {Xt,iut) 

are symplectomorphisms. (To stress the dependence on c, in this section, we are 
using ipc, (jic and ipc — (f'cO 'fie to replace ipi, 4>i and ipi — 4>io ipi in the previous 
notation.) Since ujt is independent of c, L'{r' , c') = ipc^ °''l^c' {Lt,o(r\ c')) is a La- 
grangian torus in {Yt,uJt{c)) for (r', c') near (r, c). Notice that Lt,o{r, c) is Hamil- 
tonian equivalent to '0^^(Lt,i(r, c)). Through the symplectomorphism ■0^^ the 
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local deformation space of generalized special Lagrangian torus in {Xt,(jJt) can 
be identified with the local moduli space of Lagrangian torus (modulo Hamil- 
tonian equivalence) near Lt^ parameterized by i/^(L(.o, K). Under such iden- 
tification, (r'jc') — > [L(.i(r', c')] can be reduced to (r',c') [L'(r',c')]. We will 

call ' {log''fc}fc=i+i^ the normahzed coordinate of (r, c). We will 

also normalize the coordinate on H^{Lt.(),M.), so that [L'] — J ykdxk}^^i. 

A region in R" will be called normal if for (r, c) in it, Ltfl{r,c) is in a normal 
region. 

Theorem 7.1 (r, c) — s- [i^ i(r, c)] is a local embedding from a normal region 
in into the smooth local deformation space of generalized special Lagrangian 
torus in (Xf , wt, fif ). Under the normalized coordinates the tangent map and its 
inverse are both bounded in the normal region. 

Proof: We need to show that {r',c') [L'{r',c')] is an embedding. Symboli- 
cally 

L'{r', c') - Lt^oir, c) = {Lt,o{r\ c') - Lt,o(r-, c)) + {L'{r\ c') - Lt,o{r' , c')) 
where 

L'{r',c') - Ltfi{r',c') = {i/;'^ - i/;',^) o iljc>{Ltfi{r' ,c')). 
According to this, we can decompose 5y = Siy + 8211 ■ 

SiVk = 5ck, for k e /". 

For k e r, 

SiVk = PjkSlogr'^ + Ci{\ogXi)jkS\ogrj + ^ (log A-,)fc5cj + ((log A)^ - l)^?]. 
iei" jei" 

Notice that 

Sc 

67J = ((log A), - 1 + Re((logp),))Cr7'5 log r| ~ Cv J2 
Consequently 

Swk = ip,k+OiWfp,k)+Oi7j))S\ogr^+ J2 O i^ly^, + i^l) for k G /'. 



dyi dlogzj _ dyt dlogZjSck 



d\og z,j dck d\og Zj dck Ck + rj' 

Lemmas 14 . 51 and 15.61 imply that 



33 



{c,+r^)^^=0{A + B) = 0{e-'). 

OCk 

% = ^ + 0f.^|^j V for fee/". 

^ = ^^logr| + o(eM<51ogr?}.,„)+o(e^te| V for fc G J'. 

This expression of the tangent map under the normahzed coordinates gives us 
the desired estimates. ■ 

For the second part of the argument, recall that the deformation of Lt^i{r,c) 
in {Xt — Xt^i,ujt = ^t,i) can be characterized by certain closed 1-forms on 
Lt_i(r, c). To show that Lt^i{r, c) do not intersect each other for different (r, c), 
it is sufficient to show those closed 1-forms of deformation do not vanish any- 
where on Lt i{r, c). It is straightforward to check that the deformation 1-forms 
of Lt i{r,c) are spanned by {dx^ — dfk}'^^^, where {fk}k=i functions on 
Lt^i{r,c) satisfying 

zj d^fk , dfk _ k 



dxidxj dxi ' 



which can be rewritten as 



dxidxj dxi dxidxj dxi 

Lemmas 16.71 16.61 and propositions 16.11 16.21 imply that 

Applying lemma IfTTl we have 



dxk 



< Ci^l+''\fk\c^.^ < Cvl 

c° 



Hence the dxfe-coefficient of dxk — dfk is of order 1 + 0((t/i) a ") which is non- 
zero when vi is small. Consequently dxk — dfk does not vanish anywhere. 

Summing up the above argument and theorem 17. II we have 

Theorem 7.2 For (r, c) in a normal region o/ R", Lt,i{r,c) constructed in 
theorem lff. 1\ form a generalized special Lagrangian torus fibration of an open set 
in {Xt,ujt,^it)- 
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8 The uniqueness 



The uniqueness of generalized special Lagrangian submanifold under Hamilto- 
nian deformation can be discussed from three perspectives — the infinitesimal 
uniqueness, the local uniqueness and the global uniqueness. The infinitesimal 
uniqueness states that generalized special Lagrangian submanifold is isolated 
under Hamiltonian deformation, which is essentially implied by the work of 
Mclean ( 6 ) . The global uniqueness attracted a lot of attention recently. In the 
cases that can be solved, one need among other things Floer (co)homology. For 
our application, we only need the local uniqueness, which states that when two 
Hamiltonian equivalent generalized special Lagrangian submanifolds are close 
enough to each other, they will coinside. Such local uniqueness can be proved 
essentially by the uniqueness part of our quantitative implicit function theorem 
(theorem 3.2 in jllj). We will discuss this argument in this section. 

Remark on notation: The difference operator 5x = X2 — xi do not ex- 
actly behave as differential or derivative. Instead Sf{x) — f{x2) — f{xi) = 
Jo §^('^^2 + (1 ^ s)xi)6xds. The estimate of df{x) will come down to the esti- 
mate of ^{sx2 + (1 — s)xi)Sx for all s G [0, 1]. For this reason, we will use the 
slightly abused notation 6f{x)^^ — " ^Sx to avoid unnecessary complication on 
notation. 

Consider partitions {0, = {J",J'\J') = (/",/') = (/",/'), where 

I" = J" and /' = .]'. z = (z", z'", z'), I = (5", z'", z'), I" = (zq, z"). 

Sr^, = {z e C"+i||z,| = r,,i e /'; Afelzfep ^ Cfe + r]{z'), k G /".} 
Sf,t = {z^ C"+i||z,| = fj,3 e i';Xk\zk? = ck + fi{z'),ke /".} 

Xt,s ^ {Zo ■ ■ ■ Zn = tp{sz", z'", z')}, Xt,s = {zq - ■■ Zn= tp{sz" , Sz'" , z')}. 

Yt = Xtfi and Yt = Xt^o are our local models and Xt.i — Xt,i — Xt is the actual 
hypersurface. 

Let Ltfl — Sr^c n Xtfi, Ltfi = Sf,c H Xtfi- There are 4 coordinates z^, z^ = 
•ipi^ o^i[z^), {x,yy, {x,y)^, involved in the argument. They can be viewed 
as coordinates on both Xtfi and Xtfi = ipi^ ° i^iiXtfi). To apply the im- 
plicit function theorem, we need to know the relation between (Ltfi, {x,y)^) 
and (it,i, {x,yy). We deduce this through the relation between {Ltfi,z^) and 
{Lt^i, z^), which is achieved via the route 

(Lt,o,z^) ^ {Ltfi,z^) <-> (Ltfi^z^) <-> (Lt,i,z^). 
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The relation between {Ltfi,z^) and {Lt^i,z^) is deduced through the relation 
between (I/t,o, {x,yY) and {Lt^\, (A word on terminology: When com- 

paring (Lt.o, z^) (i't.O) z^)) we will identify and z^, then compare L^^q and 
Lt^o under this common coordinate.) 

The lemma ETI can be rephrased as 

/I dy- \ ( 91og|z P\ 

Lemma 8.1 — p — — \ and VjVk — - — ) are strongly T-bounded. 

dlog\zk\-^ J \ dyk ) 

v^_dx^_ ^dx^^g,^ J_dyj_ ^.^^^ H^^Sk ^^^^^^ are 
Vk d'^og\zk\'^' UkdOk ^ 'vjVkdOk' ' dyk' Vkdxk ^ ' Vk dxk 

of the order 0UJ\^^\' "^""^ 



\Zk\ 



Further more, the multi-derivatives of each non-constant term with respect to 
{^ogZk}k^i and their complex conjugates will hold same bound. 



The deformation Xtfl —>■ Xt,i = Xt = Xt,i Xt,o results in coordinate trans- 
formation z^ ^ z'^ — ■0]^^ o^i(z^). Applying lemmas 14.61 and l5 . 51 twice . we have 



Lemma 8.2 logz — logz , ^ — Sjk, — v, — Sjk are of the order 



91ogzj ^ lyj aiogzj 
91ogz^ Vkd^ogz 



Further more, the multi-derivatives of each non-constant term with respect to 
{^ogZk}k^i and their complex conjugates will hold same bound. 



Being in the overlap of the two regions, we have Ci^q < Vj < Cvl for j e J'". 
Consequently, Ci/| < \z"'\ < Cvf . 

A, = A, + 0(|z"f ), p{s~z", z'", z') - p{sz", sz'", z') + 0{\z"'\). 
We have 

Lemma 8.3 Assume that 5ck = Ck — Ck = 0{vf.vl) for k £ J" , Ck — A^r^. = 

^iyt^i) f°''~ ^ ^ '^'^^ Slogrk = logffe — logrk — 0{iyl) for k e J', then 
between (Ltfl^z^) and (Lt.o,^^), we have 

Slogr, = 0(1^1), 6log\zk\^0{iyl), 

and for /3 = 0, a 

[<51ogr;]ci,^ = O^^), [S\og\zk\]c^^, = 0{vl^vl-f\ 
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Proof: According to the assumptions of the lemma 

Slog\zk\ = SlogVk = Oiuf), hvkeJ'. 



SloM^ = log j = O 1^ ''''^^^^' 1 = Oiuh for k e r 

For k G J" 



5\og\zk\'^ = ^ "^^^ - ^logAfe. 
5\og\k = (51ogAfe(0,0, z') + (log Afe(0, z'", z') - log Afe(0, 0, z')) 

= ^ 2^(0,0, .')^ + o(k"'r) = OK^). 

5 log bp = (51og |p|2(0, 0, z') + (log |p|2(0, z'", z') - log b|2(0, 0, z')) 
= ^ 2Re f^) (0,0,z')— +0(k"'|) = 0(^^i*). 



Substitute all these to ^^(51og|2fcp = 51og|p|^, we have 
fe=o 

Consequently i51og?7 = 0{v^) and (51og|2;fep = 0{vl), for all fc. 

Notice that only r} and p are depending on ^. We have 

aiogr/ yiog|p|2 

= 0, for j G J'. 

= 0{ykyfyl), for j e J" 



S(51og|ZjP _ ry ^log^_^/ -2 2 



9(51og|zjp 77 ddlogri ^Cjrjdlogridlogr} ^ ' g j" 
a^fe Cj + r? (cj + r?)2 9^^, 

a^loglpp 



9(5 log \p\^ 



0{ukvl) forfc^J'". 
= 0(i/fe) for A; e J'". 
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Substitute all these to ^ 

1=0 

Consequently 

dS log 7] 



(?(51og|zjp d5\og\p\'^ 



d9k 



85 log 
df,. 



a51og?7 



Further more, it is straightforward to derive that additional derivatives with 
respect to 6 will hold the same bound. Consequently 

[5\ogi\ci = 0(1), [<51og|zfc|]ci = 0{vZ^vl). 

Notice that vi is the smallest scale of the torus. For any function /(f?), it is easy 
to verify that 



df 
89 



df 



89 



CO 



Hence 



[<51ogr;]ci,. = 0^^"), [5\og\zkWc^.. = 0{v-^vl-'^). 



Remark: In every lemma of this section, the C^^"-estimate will always be 
related to the C^-estiniate in the same way as in lemma 1^7^ Therefore, from 
now on, we will only discuss the C^-estimates and omit the discussion of the 
C"'^'"-estimates. 



Lemma 8.4 Between {Ltfl,z^) and {Ltfi,z'^), we have 

6\og\zk\ ^ 0{i^f), and [i^fc(51og |zfe|]ci,f = 0(i^i ), 

for P = 0,a. 

Proof: The equation of it^o is (log 6'^) under z^. The equation of q 

is (Iog|zi|(log|z2|(6)2),6i2),6'i(log|z2|(6'2),6'2)) under z\ Let 9^ = ^{9^) be the 
inverse function of 9^ = 0^(log \ z^\{9'^),9'^). By lemma [ 



.,8^,_.,f89^ , 89^ 8log\z^\, _ , ^ ^i^f). (8.1) 



vk 891 vk \89^ 9 log I z2 1 89"^ 



jk 



The equation of Lt,o is (log jz^Klog |z2|(^'(6li)), ^'(6li)), S^) under after the 
change of parameter 9^ ~ '^{9^). When we compare (I/t,o, z^) and (I/t,o, z'^), we 
identify zi and Z2. In particular, let 9 = 9i = 92 and 9 — 'i>{9). Then 

<5 log I z I (^^) = log I z2 1 (0) - log I zi I (log \z\9),9), 
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s\og\zm = \og\z'm ~\og\z'm +\og\z'm - iog\z'\ (log \z^m,e), 



= {O-0)^^^ + i\og\z'\-log\z^\). 

dS \og\z\ ^ d\og\z^\ _ / d\og\z^\ ~ dlog\z^ \ 91og|z^| - \ 9* 
de 89^ ^' \ 9612 ^^ + aiog|z2| 9612 ^ >) 90 

Applying lemma IH?^ and H8.1|) . we have (51og|z|(6') = 0(1^1) and 



Uj dd\og\zj \ _ Vj ( 9 log 1^2 



vk \ del 



id)- 



(9 log |z2 



■{9) +0{vl)^0(vl) 



Lemma 8.5 Assume that between {Ltfi,z^) and {L,z^), we have 

(51og|zfc| = 0(i^f and [vk5\og\zk\]c^.i} = 0{vl "'"'^), 
for (3 — 0,a. Then between {Ltfl, (a;, y)^) and (L, (x, y)^), we have 
yk=0{vlvl~'^^), and [yk]c^,t> ^ 0{vkvl "'~''), 

for /? = 0, a. 

Proof: Recall that y\Lto — 0- assumption and lemma IHTl we have 

dyk 



Syk^Vk ^, I 
o log I z 

d f dy \ d 



Slog\z\^Oiiyli^r")- 
dy \ dlog\z\ 



86 \dlog\z\ J 91og|z| \d\og\z\ J 89 
dy dSlog\z\\ f dx 8x 91og|z|\~^ 



dy_ 

8x 



8\og\z\ 89 J \89 8\og\z\ 89 
Lemma l8 . 1 1 implies that 

1 8yj ■ 



5\og\z\ 



VjVk 8xk 



c" 



< Ci[6log \z\]co + [z/<51og|z|]ci) - Oiiyf "^). 



Lemma 8.6 Under the same assumption as in lemma ^^.51 between {Ltfi,z^) 
and {Lt i,z^), we have 

Slog\zk\ = Oiul^"), and [i/fe(51og |z/c|]ci. 3 = 0(i^f 
for l3 — 0,a. 
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Proof: According to lemmas 18.31 and 18.41 we only need to prove the estimate 
between (Lt,o, z^) and (Lt,i, z^), which can be reduced to the estimate between 
{Lt.o, {x, yY) and [Lt.i, [x, y)^). Let y) be the composition (a;^, y^) ^ ^ 
z^. Lemmas 18. II and 18.21 together give the estimates for z{x,y). 

Slog \zkm = log \zkM0), y{xi9))) - log \zk\ix' {9),0), (8.2) 
where x{9) and x'{9) are the inverse functions of 9 — 9{x, y{x)) and 9 = 9{x' , 0). 

I I 91og|zfe| aiog|zfe| 

I I ( d\og\zu\ d}og\z^(d9\-^ d9\ 
Lemmas 18. II and 18 . 21 imolv that 

^.2 diog\z\ d\og\z\ /my' ^^d9_ 

dyj ' dx ' \dx ) ' ■' dyj 

are all bounded. Also recall that y{x) — dh{x). Applying lemma IfTTI and 
theorem 16.11 we have 

[5\og\zk\]co < Cmax l^j < C[h]c2 = 0(j^r"). 



Using H8.2(l , it is straightforward to derive 



d5log\z\ ^ fd\og\z\ /d9\-'\ (dlog\z\ d\og\z\ /d9\-'d9\dy 
de \ dx \dx) ) \ dy dx \dx) dyj 89' 

Here we used the formulas 

dx (89 89dyY' dx' f 89 



89 \dx 8y dx J ^89 \ 8x 

89 89 8yY^ f ^^Y^ - ( 89^' 89 8y 
8x dy 8x J \dx J \dx J dy 89 



Similar as in (|8.3|) . we have 



8\og\z\ f 89Y'\ / 8 8log\z\ [89 



dx \dx J I \ 8yj \ 8x \dx 



-IN 
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d I d\og\z\ /de 
dx \ dx \ dx 

Lemmas 18.11 and 18.21 imply that 



dx 



dy 



Vj ( dlog \z\ f 89 



dx 



dx 



and their multi- 



jk 



derivatives with respect to log z are bounded. Apply lemmas 18.11 and 
get that terms as m (|8.4(l replacmg log|2;| by ' ' 



dx 



dx 



bounded, which implies 



^ I dlog \z\ f do 

Vk 



dx 



dx 



jk 



< C[h]c 



dy dy dx dy f dO dO dy 



Notice that 



do dx do dx \ dx dy dx 
Lemmas 18. II and 18 . 21 implv that 



d\og\zk\ Vj d\og\zj\ Vj f do 



^■'^^ dyj ' i/fc dxk ' Uk \dxj j^ 
are all bounded. Consequently 



11 
Vk 



dy 



9 log \z\ 




do\ 


dy 




dx 


\dx) 


dy J 


dOk 





1 dOk 
i^ji^k dyj 



< C[h]c 



Combine 1)8.6(1 and 1)8.7(1 together with 1(8.5(1 . we have 

[v, 6 log \z,\]ci < C[h]c2 = Oivr"). 



we 
are 



jk 



(8.6) 



(8.7) 



Theorem 8.1 For suitable (r, c) and (r, c), the generalized special Lagrangian 
torus Lt^i{r,c) coincides with Lt,i{f,c). 

Proof: First choose (r, c) and (r,c) so that Sck = for fc G J", Ck = ^krl 
for k G J'" and ^logr^ = for k G J'. Then lemmas 18.31 and 18.41 implv that 
between {Lt.o,z^) and {Lt,o,z^) 

S\og\zk\ ^ 0{vf), and [vkS\og\zk\]c^-f ^ 0{vl ), 

for (3 — 0,a. Applying lemma for ai = and L — Lt^o, we see that between 
(Lt,o, ix,y)^) and (ij^o, (a;,?/)^), we have 

yk = 0{v^vf), and [yk]c^^i^ = 0{vkV^ ), 
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for /3 = 0, a. In particular, Lj o as an element of the local moduli space of 
Lagrangian torus (modulo Hamiltonian equivalence) near Lt^ parameterized by 

H^(Ltfi,M.) has coordinate J ykdxk}^^i — 0{yl) under the normalized 

coordinate of H^{Ltfl, M). Theorem lT.ll implies that one may adjust (f, c) so that 
{Ltfi, {x,y)^) is harmiltonian equivalent to (Lt.o, {x,y)^) and the assumption of 
lemma is still satisfied. Then lemma implies that between {Lt.o, z^) and 

(51og|zfc| = 0(1^^ ~"), and K-Jlog |zfc|]ci,/3 = 0(i^f ~"~^), 

for P — 0,a. Applying lemma for ai — a and L — Lt^i, we see that between 
(Lf,o, (a;,y)^) and (Li^i, (x, j/)^), we have 

Vk = Oivlvf'"), and [yk]c^.i^ = 0{vkvl~°'~'^), 

for /3 = 0, a. Since Lt^i is Hamiltonian equivalent to Lt.o, Lt,i is also Hamil- 
tonian equivalent to Ltfl. Namely, under {x,yY, Lt^i can be characterized as 
y — dh. and |/i|(72.a — 0{vl ^"). When i — 2q! > and vi is small, we have 
|/i|(72,Q < C2 for C2 in theorem 16.11 Applying the uniqueness part of theorem 
16.11 Lt^i{r,c) coincides with Lt^i{f,c). ■ 

The case of /" = {0} need some additional comments. In this case, since 
1 ^ /", 1^1 does not play the same role as in the other cases, where |/"| > 2. If 
one traces through all our argument, it is easy to observe that all the estimates 
and results before section 8 are still valid in this case as long as one replace Vi 
by vq. Since vq <vi, clearly all the results thus far are still valid when /" = {0}. 

Remark: The case of /" = {0} corresponds to fibrations over top dimensional 
faces of 9A. If one works through the estimates and results before section 8 
more carefully, one can actually show that the fibration can be constructed 
without assuming \p{z)\ > C > in the case of /" = {0}. Instead of exploring 
this argument further, in the next section, we will use an alternative argument 
by making use of the fibration over top dimensional faces of 9A we constructed 
earlier in theorems 5.1 and 5.2 of |llj and more quantitatively in theorem 4.1 
of ^21 using a different method. 



9 Monodromy representing generalized special 
Lagrangian torus fibrations 

Let F^^ : Pa — > A C A/r be the moment map determined by a toric metric w 
on the toric variety Pa- We assume that the fan S of (n + l)-dimensional Pa 
consists only simplicial cones. Then Pa will have at most finite toric orbifold 
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singularities. We also assume that w is a smooth toric orbifold metric on Pa- 
(Any toric variety will always has a crepant resolution being such simplicial toric 
variety.) The set of vertices of A can be identified to the set S(n + 1) of top 
dimensional cones in S. We will use ttt-o- to denote the vertex of A corresponding 
to cr S E(n + 1). Using the bari-center subdivision of A, we have the following 
decomposition of A by convex polyhedrons. 

o-eS(n+l) 

where Ag. is a polyhedron neighborhood of the vertex rria of A. (More precisely, 
A(j is the union of closed simplices in the bari-center subdivision of A containing 
rricr.) Let A^- be an open neighborhood of that is slightly larger than A^-. 
Then F~^{Arj) is an open set in the affine toric piece Spec(C[cr^]). Since a 
is simplicial, there exists a finite orbifold cover tTo- : C"+^ Spec(C[iT^]) = 
C"+^/n, where 11 is a finite abelian group of toric isometrics of C""^-^. Let 
Fuj ^ o TTcr : C"+^ — > A. There exist constants Ci, C2 > such that 

{\z\<C,}ciF-\K)ci{\z\<C2}. 

For each decomposition {0, ■ ■ ■ ,n} — I" U I' with > 1, let i>o and Di denote 
the smallest and the second smallest elements in {|2;i||i £ I"}- (If |/"| = 1 we 
take vq = Di.) We may define the following regions 

^ \z\<C2, \p{z)\>C3, |z,|<|z,|, 1 
\z,\ < CavI, \z,\ > Civl. for I e I", J e r. J 

and UcJ' = TTaiUa,!')- 

Recall that the family of Calabi-Yau hypersurfaces in Pa is defined as 
Xt = {st"^(0)}, where St = +ts, ^ a„s,„. 

meAo\{mo} 

7r^^(Xt) C C"+^ is defined by zq • • • Zn = tp{z), where p{z) = {s/s„ij o Tr„{z). 
zo ■ ■ ■ Zn and toric monomials in p{z) are invariant under H-action. Let 

U,^{zeFj\K):\piz)\>C;} 
and Ua — TTa{Ua)- Then clearly 

r 

Theorem 9.1 Fort small enough, there exists a generalized special Lagrangian 
torus fibration over dA outside a small neighborhood of F^{Xt D Sing(Xo)), 
which is the singular locus of the Lagrangian torus fibration constructed in llOf 
via the Hamiltonian- gradient flow. Such (partial) fibration is called monodromy 
representing in 11 U 
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Proof: It is easy to see that Ua,i' C C"+^ near TT~^{Xt) is a normal region as 
defined in the beginning of section 6. Theorem l7.2l imDlies that we can construct 
generalized special Lagrangian torus fibration for Uaj' H TT^^{Xt). Theorem 18. II 
implies that such fibrations for different decompositions /" U /' will coincide in 
the overlap and piece together to form the generalized special Lagrangian torus 
fibration for Ucr n TT~^{Xt). 

It is straightforward to check that all objects and processes of our construction 
are invariant under Il-action. Consequently, the resulting fibration is invariant 
under Il-action and decends to form the generalized special Lagrangian torus 
fibration for Ua <^ Xt- Such fibrations for different ct S S(n + 1) in the overlap 
are constructed with the same local model and deformation process. They will 
coincide and piece together to form the generalized special Lagrangian torus 
fibration for Xt outside a small neighborhood of Fj^{Fi^{Xt n ^o))- 

Glue in the generalized special Lagrangian fibration over top dimensional faces of 
OA constructed in theorem 4.1 of jl2j, we get our monodromy representing gen- 
eralized special Lagrangian torus fibration for Xt outside a small neighborhood 
of F-^iF^Xt nSingiXo))). (Recall that XtnSing(Xo) and n Sing(Xo)) 

are the singular set and the singular locus of the Lagrangian fibration con- 
structed in ^Uj via the Hamiltonian-gradient flow.) The smallness of the neigh- 
borhood is determined by how small C3 is, which can be made arbitrarily small 
by taking t small. 

The argument for the final gluing is essentially the same as the arguments used 
in theorem 7.1 of ^ij and theorem 5.1 of One only need to show that 

the two fibrations coincide at a torus fibre of bounded geometry over the top 
dimensional face and away from Xt H Xq. The two local models are 

Lt,o = G ^i,olkfe| = rfc(constant), for I < k < n} 

Lq = {zq = 0, \zk\ = rfc(constant), for 1 < fc < n} 

where logr^ — 0(1) for 1 < fc < n. Both Lt.o and Lq are of bounded geometry. 
It is easy to check explicitly that ||it^o — iollcL" —0{t). ||L( — io||ci.° ^ 0{t) 
for the same reason as in the proof of theorem 7.1 in JT]. Since {Xt,s,uJt,s) 
are 0(i)-perturbations of (Xtfi^uJtfl), we also have ||it,i — Lt_o||ci ° — 0{t) 
for the same reason as in the proof of theorem 7.1 in |11| . Consequently 
\\Lt,i ~ Lt\\(ji,a = 0{t). Then the rest of the argument in the proof of the- 
orem 7.1 in 22 gives us the desired gluing. ■ 
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